Spherical indentation is commonly used to study the elastic and visco-elastic response of materials at different length scales. However, depending on the strength properties of the investigated material and the geometric properties, such as sphere radius and penetration depth, plastic material response might occur, making parameter identification from load -penetration curves a difficult task. In this paper, the influence of the aforementioned parameters is investigated by means of numerical simulations, considering elastoplastic material response. The numerical results obtained are presented in dimensionless format, finally providing (i) general rules for the specification of test parameters in the case of spherical indentation, on the one hand, and -in the case plastic deformation takes place -(ii) relations for the determination of plastic model parameters (such as the deviatoric strength) from the loading phase of the indentation test.
Motivation
Instrumented indentation is a well-known tool for the characterization of materials at various length scales, from the nanometer to the meter range. During indentation tests, a tip with defined shape (see Fig. 1a ) penetrates the specimen surface with the applied load P(N) and the penetration h(m) recorded as a function of time. Commonly, each indent consists of a loading, holding, and unloading phase. In the most general case, the material response is characterized by elastic, plastic, and viscous behavior. In general, elastic material parameters are determined from the unloading branch of the load -penetration history under the assumption of purely elastic unloading [1] . Parameter identification of materials exhibiting time-dependent behavior (e. g., polymers, bitumen, etc.) requires back calculation of model parameters from the holding phase of the measured penetration history [2 -4] . For identification of both elastic and viscous parameters, analytical solutions describing the penetration history are available [5 -13] and employed for parameter identification.
As regards identification of plastic parameters, on the other hand, no analytical solutions for the penetration history exist. Hence, numerical methods need to be applied for the identification of model parameters from load -penetration curves. Such a numerical approach has recently been applied for the special case of conical indenter shapes [14, 15] , extracting so-called scaling relations for conical viscoelastic-cohesive indentation from numerical results.
In this line, the scaling-relation approach given in [14, 15] is extended towards the case of spherical indenter shapes in this paper. For this purpose, the elastic as well as elasto-plastic material response is studied by means of numerical simulations and compared (for the elastic case) to existing analytical solutions. These analytical solutions for spherical indentation into an elastic halfspace are presented in the following section, including the presentation of the dimensionless format of the parameters used throughout this paper. In Section 3, the employed finite element (FE) model and the chosen simulation parameters (tip radii and material parameters) are given. The results from elastic and elasto-plastic simulations are presented in Section 4. In Section 5, the identification of plastic material param-T. Niederkofler et al.: Identification of model parameters from elastic/elasto-plastic spherical indentation eters from instrumented indentation tests on the basis of the numerical results obtained is discussed. Furthermore, the onset of plastic deformation during elasto-plastic spherical indentation is identified.
Analytical solutions for spherical penetration
According to the literature, there exist two analytical models to describe the contact between a sphere and an elastic halfspace:
1. In [16] , two elastic spheres are considered, assuming that (i) the elastic limit is not passed, (ii) the contact area is significantly smaller than the radii R 1 (m) and R 2 (m) of the spheres, and (iii) only normal stress acts at the contact surface. The relation between the contact force P(N) and the contact deformation h(m) is given by
where the contact curvature 1=R(m -1 ) and the contact modulus K(Pa) are defined as:
with R 1 (m), m 1 ( -), E 1 (Pa) and R 2 (m), m 2 ( -), E 2 (Pa) as the radius, Poisson's ratio, and Young's modulus of the two spheres, respectively. For the case of a rigid sphere (
where M is the so-called indentation modulus. Inserting Eq. (3) into Eq. (2) gives the applied load P as a function of penetration h for the Hertz solution as:
2. The so-called Sneddon solution [5] describes the contact between an axisymmetric tip and an infinite elastic halfspace. Here, the tip shape is described by a smooth function f(q) (see Fig. 1a ), where q is the radius of the axisymmetric tip. According to [5] , the penetration h(m) and the applied load P(N) are given by:
where a(m) is the radius of the projected contact area A c (m 2 ), f 0 ¼ df =dq, and E(Pa) and m( -) are Young's modulus and Poisson's ratio, respectively. In the case of a spherical tip with tip radius R(m), the parameters C 0 ( -) and C 1 (m) of the tip-shape function
are C 0 = -p( -) and C 1 = 2Rp(m), yielding
Specializing Eq. (5) for the case of a spherical tip shape defined by the tip-shape function given in Eq. (7), one gets
and
According to Eq. (8), the penetration h depends only on geometrical properties, such as the contact radius a and the tip radius R. The applied load P, on the other hand, is a function of a, R, and the mechanical properties of the elastic halfspace, represented by Young's modulus E and Poisson's ratio m. Figure 1b shows a comparison of the load -penetration curves obtained from the Hertz and the Sneddon solutions, respectively, for the same radius R and elastic material properties. For small penetrations, both solutions are in good agreement. For increasing penetration, however, the Hertz solution which is only valid for small penetrations leads to an underestimation of the penetration. In case of the spherical elastic indentation, the underlying problem is described by five physical quantities: the applied load P(N), Young's modulus E(N mm -2 ), the radius of the spherical indenter R(mm), the penetration h(mm), and Poisson's ratio m. Considering the Hertz solution (see Eq. (4)) and applying dimensional analysis, the dimensionless variable Å P is introduced as
depending only on two dimensionless parameters, i. e., m and Å h ¼ h=R. Considering the Hertz solution (Eq. (4)) in Eq. (10), one gets
with Å H P being independent of Å h . As regards the Sneddon solution, Å S P decreases continuously with increasing Å h (see Fig. 2 ). 
. Accordingly, Å P depends on three dimensionless parameters, reading
Finite element model and considered model parameters
For the simulation of the indentation process, an axisymmetric model is employed (see Fig. 3 ), indicating the refinement of the FE mesh in the vicinity of the indenter tip. Numerical simulations are performed considering elastic as well as elasto-plastic material response. The elastic material behavior is described by Young's modulus E(Pa) and Poisson's ratio m( -). In the case of plastic material behavior, the deviatoric strength c(Pa) defines the elastic limit (von-Mises yield criterion, ideally-plastic behavior). For all simulations, three different radii of the spherical indenter are considered, with R = 1, 2.5 and 5 lm.
Presentation of results

Results from elastic simulations
Elastic FE simulations are performed for different Poisson's ratios, Young's moduli, and sphere radii (R = 1, 2.5 and 5 lm). Figure 4a shows the numerical results obtained for m = 0.3. According to Fig. 4a , the numerical results for Å P are independent of Young's modulus and tip radius, depending only on Poisson's ratio as also observed for the Hertz solution Å H P . The oscillating shape of the curves results from the discrete nature of the numerical model, with increasing stiffness as a new node of the FE mesh comes into contact with the spherical tip.
Comparing the numerical results with the analytical solution, Å P is underestimated by the Sneddon solution, which is explained by the underlying simplification of zero radial displacement at the contact surface, resulting in a too stiff material sample response (see also [15] ). In order to account for the observed deviation between the numerical results and the analytical Sneddon solution, the Sneddon solution is modified by a two-step procedure. In the first step, the numerical results are approximated by:
with k as the slope in the logarithmic scale. Figure 4b shows the approximation functionÅ P for m = 0.3 obtained from a best-fit analysis performed within 0 < Å h < 0:1. The soobtained values for k are given in Table 1 In the second step, the Sneddon solution is shifted towards the obtained approximation functions, introducing the parameter b, defined by
The computed values of b for the considered Poisson's ratios are given in Table 1 . Finally, b and k are employed for modifying the Sneddon solution, now reading 
Results from elasto-plastic simulations
In the case of spherical indentation into an elasto-plastic material, the amount of plastic deformation depends on (i) the resistance of the material to plastic deformation, i. e., the deviatoric strength c for materials described by the von-Mises yield criterion, (ii) the radius of the tip, influencing the stress state under the tip, and (iii) the maximum applied load. Figure 6a shows the numerical results for m = 0.3, three tip radii (R = 5, 2.5 and 1 lm), and different c/E ratios, indicating that: (i) Å P does not depend on the selected tip radius for a constant c/E ratio and (ii) Å P does not depend on the values of c and E as long as the respective c/E ratio is the same. In the case plastic deformation occurs, Å P starts to decrease below the respective value of Å P of the elastic solution. The oscillating shape of the numerical results, stemming from the discretized nature of the FE discretization, is eliminated by smoothing, giving the numerical results as shown in Fig. 6b . 
Discussion and concluding remarks
The identification of elastic material parameters from indentation tests of elasto-plastic materials is commonly performed by using the so-called Oliver and Pharr method [1] . According to Oliver and Pharr, Young's modulus of a material can be determined from the initial slope of the unloading curve of the load -penetration history. The exact shape of the indenter (obtained from the calibration procedure) and Poisson's ratio are also required. As regards identification of plastic material parameters, commonly the hardness of the material is employed for characterizing the inelastic behavior, defined as the ratio of the maximum load and the contact area between tip and sample surface. For identification of plastic model parameters (such as, e. g., strength properties of yield criteria) from spherical indentation tests, the numerical results presented in the previous section are used. With known tip shape (tip radius), Poisson's ratio, and Young's modulus, the deviatoric strength of a material can be determined, employing the following procedure: 1. Perform indentation test and record load and penetration continuously during loading and unloading; 2. Determine Young's modulus using the Oliver and Pharr method; 3. Compute Å P and plot loading path of indentation test in dimensionless form as presented in the previous section; 4. Compare experimental result with results from numerical simulations presented in the previous section, giving access to the c/E ratio of the considered material sample. Finally, the deviatoric strength c is computed, using the c/E ratio and the known Young's modulus.
This procedure is illustrated for identification of strength properties of steel (St35). The results from spherical penetration tests on St35 were taken from [17] (see Fig. 7a ). Young's modulus E and Poisson's ratio m of this material are 210 000 MPa and 0.3, respectively. According to [17] , the tests are performed using a spherical indenter with a tip radius of 1.25 mm. 
